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Abstract 
An asymptotic expansion of the confluent hypergeometric function U(a,b,x) for large positive 2a-  b is given in terms 
of modified Bessel functions multiplied by Buchholz polynomials, a family of double polynomials in the variables b and 
x with rational coefficients. 
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Different asymptotic expansions, for a ~ oo, of the confluent hypergeometric function U(a,b,x)  
in terms of modified Bessei functions, 
3C 
U(a,b ,x)  ~ ~ GKl-b+,(~), (1) 
n=0 
have already been obtained and discussed. For instance, Temme [10] gave an expansion taking 
= ~ (2) 
that holds uniformly with respect o x in compact sets in x >~0 and uniformly with respect o b in 
compact subsets of ~, and another one [11], taking 
~=a(cosh- ' ( l+~aa)+s inh(cosh- ' ( l+~a) )  ) ,  (3) 
uniformly valid for xE [0, c~) and bE( -oc ,  1), the case bE [1,oc) being also covered because of 
the symmetry 
U(a,b ,x)  = x l -hU(a  + 1 - b,2 - b,x). (4) 
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Here we present an expansion, corresponding to take 
= v/(4a - 2b)x (5) 
that turns out to be asymptotic for large positive values of 2a - b and positive x. Our expansion 
reads 
F (a+l  b)U(a,b,x)  2%x/2~-~(-1)np.(b,x) Kb- l+~(v / (4a -2b)x )  - ~ for b t> 1, (6) 
.=0 (x/(4a - 2b)x) b-'+" 
( ) oo r(a)U(a,b,x)~22-bx~-%x"2y~(-l)"p.(2-b,x) K'-~+"~x/(4a-2b)xj for b< 1. (7) 
.=0 (x/(4a - 2b)x) TM 
Here the p,(b,x)  represent what we call "Buchholz polynomials", as they appear in a convergent 
expansion, given in [4], of the regular Whittaker function (or, equivalently, of the confluent hyper- 
geometric function M(a,b ,x ) )  in series of Bessel functions. In the Buchholz's notation, 
p,(b ,x)  - pt, b-l)(X). (8) 
The Buchholz polynomials are double polynomials in b and in z whose coefficients are rational 
numbers and can, therefore, be stored and managed numerically without error [1]. 
The justification of our expansions (6) and (7) finds inspiration in the Yemme's work. Let us 
consider, for definiteness, the ease b ~>1. The starting point is the integral representation 
F(a)U(a,b,z)  = e-"Uu"-l(1 + u) b-a-I du, Rea > 0, Rez > 0, (9) 
quoted in [11, Eq. (4.1)] and given in [2, Eq. 13.2.5; 6, Vol. l, Section 6.5, Eq. (2); 9, Eq. (3.1.19)]. 
Use of (4) allows us to write 
F(a + l - b )U(a ,b ,x )=x l -bF(a  + 1 - b)U(a + 1 - b,2 - b,x) 
x I-b r [~ e-X~ua-h( 1+ u)-adu. 
d0 
The change of integration variable 
u=½(cotht -  1) 
gives 
F(a + 1 - b)U(a,b,x)  = 2b-lxl-be x/2 l °c 
dO 
that can be written in the form 
F(a + 1 - b)U(a,b,x)  = 2b-lXt-be ~/2 e-(2a-b)t-tx/2t)t b-2 
" t .2 -b  >(e-(X/2)e°tht+x/2t(s~nhl ) dr, 
(10) 
( l l )  
e_(2a_b)t_(x/2)cotht 1 dt (12) 
(sinh t) 2-b 
(13) 
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Now, the last two factors in the integrand can be replaced by an absolutely and uniformly convergent 
series given in [4, Section 7, Eq. (14)], namely (in our notation), 
e_(X,,2)coth,+x;2t ( t ) 2-b ~ ( t )" 
s~nht = ~( -1 ) "p . (b ,x )  . (14) 
n=0 
Interchanging the order of summation and integration one obtains 
oc 
F(a + 1 - b)U(a,b,x) -- 2~-lXl-% x'2 ~-"~(-- i )"p.(b,x)x-" 
t l=0 
fo x` x e-(2a-b)t-~x/mt b-2+" dt, (15) 
where the equality must be understood in a formal sense. The last integral can be easily related to 
a representation f the modified Bessel function also quoted in [11, Eq. (1.2)] and given in [6, Vol. 
2, Section 7.12, Eq. (23); 7, Vol. 1, Section 5.16, Eq. (39)]. In fact, 
fo~e_~_b,t_~,2ttb_2+.dt= 2xh_,+ Kb_,+. (~/ (4a-  2b)x) 
(V/(4a_2b)x)b_,+" . (16) 
The expansion (6) is then immediate. Expansion (7) can be obtained either directly, by a similar 
procedure, or from (6), by using the symmetry (4). 
In order to examine the asymptotic nature of the expansion (6), let us write it in the form 
F(a + I - b)U(a,b,x) ,~ (2a ~b-)b-tb] xb-t u.(a,b,x) + RN , 
kn=O 
where 
u.(a,b,x) - ( -1)"  p.(b,x) 
X n 
with the notation 
y - ~/(4a - 2b)x, 
yb-l+"Kb_l+.(y ) 
2b-Z+.(2a -- b)tbl-l+.' 
(17) 
(18) 
(19) 
and [b] denotes the integer part of b. Of course, 
RN = Z u.(a,b,x). (20) 
n=N 
It is not difficult to check that the remainder RN is O((2a - b) -CN+t°l-~)) for large positive values 
of 2a - b and positive x. Due to the fact that the series 
~--~ p,(b,z) (21) 
Z n 
n=0 
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converges absolutely to 
e~'2)lc°th I-~ I(sinh i )b-2 
the absolute values of its terms have an upper bound, 
pn(b,z) < M(b,z), n = 0, 1,2 .... 
Z n 
On the other hand, for positive y and v > ½ one has 
y~K~.(y) < U-~ F(v), 
as it follows from the representation f K [2, Eq. 9.6.23], 
S xL2Y~' e-yt(t 2 - 1 )~.-1,'2 dt, K , , (y) -  2~r (v + ~) 
that allows one to write the succesive inequalities 
11:1:2y2~. flOC 1 e -Y t t  2v-I d l  
y"K,.(y) < 2,.F (v + ~) 
7Z ,2y2V f0~c e--Vt/2v-I dt, 
< 2,r(v+ 
and from the integral representation [2, Eq. (6.1.1)] 
/7 y2~. e-Y't 2v-1 dt = F(2v) 
and the duplication formula [2, Eq. 6.1.18] 
F(2v) = ~-~l"2)22~'-l C(v)F(v + ½) 
for the Gamma function. Therefore, 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
c -= 2a - b. (32) 
The sum on the right-hand side of (31) is a remainder term, O(c Ih]-~-u) for large c, in the asymptotic 
expansion of - ce - "& (ceil), thoroughly discussed in [8, Ch. 14, Section 4]. This proves that our 
expansion (6) is asymptotic. 
( [b ] - I+n) !  
]u.(a,b,x)[ < M(b,x) (2a -  b) Ib]-l+"' n = 1,2,3 . . . . .  (30) 
and, consequently, 
m! 
IRNI < M(b,x) - -  (31) 
C m ~ m=[bl-I+N 
with the abbreviation 
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It would be desirable to obtain converging factors (in the terminology of Airey [3]) or terminants 
(according to Dingle [5]) for expansions (6) and (7). This, however, would require to analyse the 
behaviour with n of the sequence {pn(b,x)/x ~} in order to determine the value of N such that RN 
becomes the optimum remainder term, and that goes beyond the purpose of this letter. 
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